
RECIPROCAL SUMS OVER SEPARATED PAIRS AND TRIPLES: ERDŐS PROBLEM #289

PINGYOU LTD

Abstract. Every positive rational number is a sum of reciprocals over exactly k intervals of positive
integers of length two or three, for every sufficiently large integer k; the intervals may be placed
beyond any prescribed bound and with any prescribed minimum separation. For the number 1 this
answers a question of Erdős and Graham. For fixed rational, bound and separation there are at
least 2k/21 such representations at every sufficiently large k, with all denominators O(k2−δ) for some
δ > 0, and a representation can be chosen with o(k) intervals of length three. The proof cancels
the leading prime-power residue of the reciprocal sum by pairs of consecutive integers supplied by
primitive points on modular hyperbolas and restricted sumsets, completes the remaining rational by
an elementary construction on a fixed family of reserved pairs, and changes the number of intervals
by independent sum-preserving splittings of cells with powersmooth denominators. One correction
and one completion serve every choice of splittings, and a comparison of consecutive scales makes
the attainable counts consecutive.

1. Introduction

For integers 1 ≤ a ≤ b write

H[a, b] =

b∑
n=a

1

n
.

Erdős and Graham [9, p. 34] ask whether, for every sufficiently large integer k, there are finite
intervals I1, . . . , Ik of positive integers with

1 =
k∑

i=1

∑
n∈Ii

1

n
, (1)

and they reproduce the representation

2 = H[2, 7] +H[9, 10] +H[17, 18] +H[34, 35] +H[84, 85] (2)

found by Montgomery and by Hickerson in answer to a problem of L.-S. Hahn in the American
Mathematical Monthly (Problem E2689). The intervals in (2) are pairwise disjoint and no two of
them are adjacent, where two disjoint intervals [a, b] and [c, d] of integers with b < c are adjacent
if c = b + 1. This is the reading of the question adopted in Bloom’s database [2], where it is
Problem 289: the intervals are to be distinct, pairwise disjoint and pairwise nonadjacent, each of
length at least two. As Kovač observed in the discussion recorded there, the question is easy if
intervals may be repeated or may overlap, because repeated denominators absorb all congruence
conditions; distinct denominators must satisfy them exactly (Lemma 3.2). Related results prescribe
other properties of the denominators of an Egyptian fraction: Croot’s theorem on denominators in
short intervals [5], his proof of the colouring conjecture of [9] [6], and Bloom’s density theorem [3];
see [4] for a survey and [12] for recent work on several further questions of Erdős on unit fractions.

Two intervals I < I ′ of integers are separated by at least g integers if min I ′ −max I ≥ g+1; for
g = 1 this says that I and I ′ are disjoint and nonadjacent.

Theorem A. Let r be a positive rational number and let B ≥ 0 and g ≥ 1 be integers. There are
constants A > 0 and 0 < δ < 1/5, and an integer k0 = k0(r,B, g), with the following properties for
every integer k ≥ k0.
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(i) There are at least 2k/21 distinct families of k intervals I1, . . . , Ik of integers greater than B,
each of length 2 or 3, any two of which are separated by at least g integers, such that

k∑
i=1

∑
n∈Ii

1

n
= r and max

k⋃
i=1

Ii ≤ Ak2−δ. (3)

(ii) There is a family with the same sum, separation and bound in which at most Ak1−δ/4 of the
intervals have length 3.

Families are counted without an ordering of their intervals.

Corollary B. Erdős Problem 289 has an affirmative answer: for every sufficiently large integer k
there are pairwise disjoint and pairwise nonadjacent intervals I1, . . . , Ik of positive integers, each of
length two or three, satisfying (1).

The inputs to the proof are two estimates for complete exponential sums, the Weil–Estermann
bound for Kloosterman sums and a bound of Shparlinski for sums with inverse squares, the
restricted-sumset theorem of Dias da Silva and Hamidoune, and elementary prime-number esti-
mates; the argument for the count of primitive points on modular hyperbolas follows Shparlinski
[15] and is reproduced in full. The proof is constructive once the thresholds in these inputs are made
explicit, but it gives no usable value of k0(r,B, g), and the exponents 1/21 and δ are not optimised
(Remark 9.4). Assertion (ii) is obtained from a different choice than the families of assertion (i);
the theorem does not assert exponential multiplicity among representations with few intervals of
length 3.

1.1. Legal sets and the three operations. A finite set S of positive integers is legal if each
maximal run of consecutive elements of S has at least two elements. The runs are the components
of S, κ(S) is their number, and ρ(S) =

∑
n∈S 1/n is the reciprocal sum of S. Legal sets with k

components correspond bijectively to families of k pairwise disjoint, pairwise nonadjacent intervals
of length at least two, and Theorem A states that for every k ≥ k0 there is a legal set S with

ρ(S) = r, κ(S) = k, minS > B,

all of whose components have length 2 or 3, any two of them separated by at least g integers. For a
positive rational x let λ(x) be the largest exact prime-power divisor of the denominator of x. The
proof combines three exact operations on legal sets.

(i) Descent (Theorem 5.1). Fix a level L and put K = lcm(1, . . . , L). Every positive rational x
exceeding a quantity E(L), with E(L) → 0 as L → ∞, can be written as x = x′+

∑
P∈C ρ(P),

where Kx′ ∈ Z, 0 ≤ x − x′ < E(L), and C is a set of pairwise disjoint, pairwise nonadjacent
pairs of consecutive integers with |C| ≤ H(λ(x)), where H(Y ) ≪ν Y 1+ν for every ν > 0. The
pairs have the form {Qm,Qm + 1} with Q = pe the largest prime-power divisor of Qm, all
prime-power divisors of Qm + 1 below Q, and Q

(
1/(Qm) + 1/(Qm + 1)

)
≡ m−1 (mod p);

subtracting pairs of prescribed residue lowers λ (Lemma 3.3), and pairs of every residue exist
by Shparlinski’s asymptotic formula for primitive points on modular hyperbolas together with
the theorems of Dias da Silva–Hamidoune and Cauchy–Davenport (Proposition 4.7).

(ii) Completion (Lemma 6.2). Reserved pairs {Kd+ 1,Kd+ 2}, d ∈ U , are fixed once and for all,
where U is the union of J disjoint finite sets Dj with

∑
d∈Dj

1/d = 1; such sets exist beyond

any bound by an elementary greedy argument (Lemma 6.1). Adjoining Kd to a reserved pair
creates a triple and no new component, and

∑
d∈Dj

1/(Kd) = 1/K; so every x′ with Kx′ ∈ Z
and 0 < x′ ≤ J/K is absorbed exactly.

(iii) Splitting (Corollary 7.4). For n = Kd+ 8t, where t is a fixed integer depending on g, the cell
consisting of the five triples [a, a + 2] with a ∈ {10n, 15n, 12n + 2, 18n + 3, 36n + 6} has five
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components; deleting the first element of each triple and adjoining the pair {6n, 6n+1} leaves
the reciprocal sum unchanged, since

1

10n
+

1

15n
=

1

6n
,

1

12n+ 2
+

1

18n+ 3
+

1

36n+ 6
=

1

6n+ 1
,

and produces six pairs. All elements of all cells in both states, of all reserved pairs and triples,
and of all correction pairs lie in nine residue bands modulo R = 210t, each band a run of two
or three consecutive residues occupied by one kind of component, any two bands separated by
at least g residues (Fig. 2); so any subset of the cells may be split independently of everything
else, and any two components of the final set are separated by at least g integers.

At a scale T , among the cells with T ≤ d ≤ CT those whose denominators are T 1−ε-powersmooth
number mT ≍ T , and a prefix of them has reciprocal sum within O(1/T ) of a fixed target. The

descent of the resulting rational uses jT = O(T 1−ε/2) pairs, and one descent and one completion
serve all 2mT choices of split cells: this gives an injection ΨT of {0, 1}mT into the legal sets with
reciprocal sum r, the set ΨT (σ) having C0 + 5mT + jT + |σ| components (Theorem 8.4). The
admissible families at scales T and T +1 differ in O(T ε) cells, so mT+1 −mT = o(T ) (Lemma 9.2),
and an elementary counting argument (Proposition 2.1) then yields every sufficiently large count
with exponential multiplicity.

1.2. Organisation and notation. Section 2 contains the counting argument, Section 3 introduces
leading residues, Sections 4 and 5 contain the descent, Sections 6 and 7 the completion and the
splitting, Section 8 the construction at a fixed scale, and Section 9 the comparison of consecutive
scales and the proof of Theorem A. Appendix A records exact computations for small numbers of
intervals.

For a positive integer n let P (n) denote the largest prime power pa with pa | n, and put P (1) = 1;
thus P (n) is the largest exact prime-power divisor of n, and n is Y -powersmooth if P (n) ≤ Y . For
a prime p, vp is the p-adic valuation on Q and Z(p) is the ring of rationals with denominator prime
to p, so that Z(p)/pZ(p) = Fp. For an integer M ≥ 1, φ(M) is Euler’s function, τ(M) the number
of divisors of M , and e(t) = exp(2πit). The letter p always denotes a prime and Q = pe a prime
power with e ≥ 1; sums over Q are sums over prime powers. Implied constants in O(·), ≪ and
o(·) are absolute unless a subscript indicates the parameters they depend on, and o(1) denotes a
quantity tending to zero as the indicated variable tends to infinity.

2. Independent choices and component counts

The passage from independent local choices to every sufficiently large count is an elementary
counting fact. It is isolated here, so that the construction of Sections 4 to 8 only has to deliver its
hypotheses. For σ ∈ {0, 1}m write |σ| for the number of coordinates of σ equal to 1.

Proposition 2.1. Let q ≥ 1 be an integer. Suppose that for every sufficiently large integer T there
are a set XT , an integer-valued function κ on XT , a positive integer mT , a nonnegative integer bT ,
and an injective map

ΨT : {0, 1}mT → XT with κ(ΨT (σ)) = qmT + bT + |σ|,

and that

mT ≍ T, mT+1 −mT = o(T ), bT = o(T ) (T → ∞).

Then there is an integer k0 such that for every integer k ≥ k0 there is a T with k ≥ qmT for which
at least 2k/(3(q+2)) distinct σ ∈ {0, 1}mT satisfy κ(ΨT (σ)) = k.

Proof. Put aT = qmT + bT and

uT = aT + ⌈mT /3⌉, vT = aT + ⌊2mT /3⌋.
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Then vT − uT ≥ mT /3− 2, which is ≍ T , and

uT+1 − uT = q(mT+1 −mT ) + (bT+1 − bT ) +
(
⌈mT+1/3⌉ − ⌈mT /3⌉

)
= o(T ),

since |bT+1 − bT | ≤ bT + bT+1. Hence uT+1 ≤ vT and uT ≤ vT+1 for all sufficiently large T ; fix T∗
from which both inequalities hold, and put k0 = uT∗ . Let k ≥ k0. Since vT → ∞ there is a least
T ≥ T∗ with vT ≥ k; if T = T∗ then uT ≤ k ≤ vT , and otherwise vT−1 < k ≤ vT and uT ≤ vT−1 < k.
In both cases uT ≤ k ≤ vT .

For this T put s = k− aT , so that ⌈mT /3⌉ ≤ s ≤ ⌊2mT /3⌋, and put ℓ = min{s,mT − s}, so that
mT /3 ≤ ℓ ≤ mT /2. The

(
mT
s

)
vectors σ with |σ| = s satisfy κ(ΨT (σ)) = k, and(

mT

s

)
=

(
mT

ℓ

)
=

ℓ−1∏
i=0

mT − i

ℓ− i
≥

(mT

ℓ

)ℓ
≥ 2ℓ ≥ 2mT /3.

Finally k ≥ uT ≥ aT ≥ qmT , and k ≤ vT ≤ (q + 1)mT + bT ≤ (q + 2)mT once bT ≤ mT , which

holds for all large T ; so 2mT /3 ≥ 2k/(3(q+2)). □

3. Leading residues

Definition 3.1. Let x be a positive rational number with reduced denominator D. The level of
x is λ(x) = P (D), the largest exact prime-power divisor of D; if x is an integer then λ(x) = 1. If
λ(x) = Q = pe > 1 and y is a rational number with vp(y) ≥ −e, the residue of y at level Q is

resQ(y) = Qy mod p ∈ Fp,

the image of Qy ∈ Z(p) in Z(p)/pZ(p). The leading residue of x is resQ(x) for Q = λ(x).

Since Qx is a unit in Z(p) when λ(x) = Q, the leading residue of x is a nonzero element of Fp.
The map y 7→ resQ(y) is additive on the rationals with vp(y) ≥ −e.

The first lemma is the necessary condition that any exact representation with distinct denomi-
nators must satisfy at every prime.

Lemma 3.2. Let S be a finite set of positive integers, let p be a prime dividing some element of
S, and let q = pe be the largest power of p dividing an element of S. If vp(ρ(S)) > −e, and in
particular if ρ(S) is an integer, then∑

n∈S
q|n

(n
q

)−1
≡ 0 (mod p).

Proof. If n ∈ S and q | n, then n/q is prime to p because q is the largest power of p dividing an
element of S, and q/n = (n/q)−1 in Z(p). If n ∈ S and q ∤ n, then vp(n) ≤ e − 1 and vp(q/n) ≥ 1.
Hence

qρ(S) ≡
∑
n∈S
q|n

(n
q

)−1
(mod pZ(p)),

and vp(qρ(S)) ≥ 1 by hypothesis. □

The leading residue of x is cancelled by subtracting a rational of the following kind.

Lemma 3.3. Let x be a positive rational with λ(x) = Q = pe > 1, and let y be a rational
with vp(y) ≥ −e and resQ(y) = resQ(x) such that every exact prime-power divisor of the reduced
denominator of y, other than its p-part, is smaller than Q. Then every exact prime-power divisor
of the reduced denominator of x− y is smaller than Q. In particular λ(x− y) < Q if x ̸= y.
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Proof. Since resQ(x−y) = 0, the number Q(x−y) lies in pZ(p) and vp(x−y) ≥ 1−e; so the p-part of

the reduced denominator of x−y divides pe−1 < Q. For a prime ℓ ̸= p, vℓ(x−y) ≥ min{vℓ(x), vℓ(y)},
and the ℓ-parts of the reduced denominators of x and of y are smaller than Q, the former because
λ(x) = Q and the latter by hypothesis. □

4. Correction pairs

Throughout the rest of the paper g ≥ 1 is the integer of Theorem A, and t is a fixed integer with

t ≡ 1 (mod 35), 2t− 9 ≥ g; (4)

in particular t ≥ 36. Put R = 210t. All correction pairs will be placed in two residue classes modulo
R, and all other components of the final sets in seven further classes (Section 7); the parameter t
spreads these classes far enough apart to leave g integers between any two components. Constants
are allowed to depend on t, hence on g, without further mention.

4.1. Two counts of points on modular hyperbolas. For an integer M ≥ 2, a unit u modulo
M and real numbers U, V ≥ 0, put

WM,u(U, V ) = #{(a, b) ∈ Z2 : 1 ≤ a ≤ U, 1 ≤ b ≤ V, ab ≡ u (mod M)},
NM,u(U, V ) = #{(a, b) counted by WM,u(U, V ) : gcd(a, b) = 1},

and

c(M) =
6

π2

∏
ℓ|M

(
1 +

1

ℓ

)−1
, (5)

the product being over the primes dividing M . For d prime to M let d̄ denote the inverse of d
modulo M . The two estimates for complete exponential sums used below are

max
b∈Z

∣∣∣ ∑
1≤d≤M

gcd(d,M)=1

e
(ad̄ j + bd

M

)∣∣∣ ≤ (
M gcd(a,M)

)1/2+o(1)
, j ∈ {1, 2}, (6)

for every integer a, where o(1) → 0 as M → ∞ uniformly in a. For j = 1 this is the Weil–Estermann
bound for Kloosterman sums [11, Corollary 11.12]; for j = 2 it is the special case of the bound
of [14] recorded in [15, Lemma 1]. By the completion method [11, §12.2], the same bounds hold,
with an additional factor O(logM), for the corresponding sums over d in any interval of at most
M consecutive integers.

Lemma 4.1. Let M ≥ 2 and let u be a unit modulo M .

(a) For all real U, V with 0 ≤ U, V ≤ M ,

WM,u(U, V ) =
φ(M)UV

M2
+O

(
M1/2+o(1)

)
.

(b) For every interval J of at most M consecutive integers and every real X with 1 ≤ X ≤ M ,

#
{
d ∈ J : gcd(d,M) = 1, (ud̄ 2 mod M) ∈ [1, X]

}
=

X

M
#{d ∈ J : gcd(d,M) = 1}+O

(
M1/2+o(1)

)
.

The implied constants and the o(1) are uniform in u, U , V , J and X.

Proof. (a) If U < 1 or V < 1 the count is zero and the main term is O(1). Otherwise, for 1 ≤ a ≤ U
with gcd(a,M) = 1 the condition ab ≡ u (mod M) reads b ≡ uā (mod M), and there are no
solutions when gcd(a,M) > 1. Detecting the congruence with additive characters modulo M ,

WM,u(U, V ) =
1

M

M−1∑
h=0

( ∑
1≤b≤V

e
(hb
M

))( ∑
1≤a≤U

gcd(a,M)=1

e
(
−huā

M

))
.
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The term h = 0 equals ⌊V ⌋M−1#{a ≤ U : gcd(a,M) = 1}, and #{a ≤ U : gcd(a,M) = 1} =∑
d|M µ(d)⌊U/d⌋ = φ(M)U/M + O(τ(M)); since U, V ≤ M and τ(M) = Mo(1), the term h = 0 is

φ(M)UV/M2+O(Mo(1)). For 0 < h < M the inner sum over b is at mostM/min{h,M−h} in abso-

lute value, and the inner sum over a is bounded by (M gcd(hu,M))1/2+o(1) = (M gcd(h,M))1/2+o(1),
by (6) with j = 1 and completion. Hence the terms with h ̸= 0 contribute at most

M−1/2+o(1)
∑

0<h<M

M gcd(h,M)1/2

min{h,M − h}
≪ M1/2+o(1)

∑
g|M

g1/2
∑

1≤h≤M
g|h

1

h
≪ M1/2+o(1)τ(M) logM,

which is M1/2+o(1).
(b) Detect the condition (ud̄ 2 mod M) ∈ [1, X] with additive characters in the same way: the

term h = 0 is ⌊X⌋M−1#{d ∈ J : gcd(d,M) = 1}, which differs from the stated main term by at
most 1, and for 0 < h < M the sum over x ∈ [1, X] of e(hx/M) is at most M/min{h,M − h},
while the sum of e(−hud̄ 2/M) over d ∈ J prime to M is bounded by (M gcd(h,M))1/2+o(1), by (6)
with j = 2 and completion. The same summation over h gives the error term. □

Lemma 4.2. For every integer M ≥ 2, every unit u modulo M and all real U, V with 1 ≤ U, V < M ,

NM,u(U, V ) = c(M)
UV

M
+O

(
M3/4+o(1)

)
,

where the implied constant and the o(1) are uniform in u, U and V .

Proof. For u = 1 this is [15, Theorem 3]; the argument is reproduced with a unit right-hand side and
fixed truncation parameters. For d ≥ 1 let Md be the number of pairs (a, b) counted by WM,u(U, V )
with d | a and d | b. If gcd(d,M) > 1 then Md = 0, because d2 divides a number congruent to
the unit u modulo M . If gcd(d,M) = 1, writing a = ds and b = dt shows that Md is the number
of (s, t) ∈ [1, U/d] × [1, V/d] with st ≡ ud̄ 2 (mod M), and ud̄ 2 is a unit. By Möbius inversion,
NM,u(U, V ) =

∑
d≥1 µ(d)Md.

Three bounds for Md are used. First, by Lemma 4.1(a),

Md =
φ(M)UV

d2M2
+O

(
M1/2+o(1)

)
. (7)

Second, the product st ≤ UV/d2 lies in one residue class moduloM , so it takes at most UV/(d2M)+

1 values, and each value has Mo(1) ordered factorisations; hence

Md ≤
( UV

d2M
+ 1

)
Mo(1). (8)

Third, let ∆ ≥ M1/2. For d ∈ [∆, 2∆) prime toM withMd > 0, the residue ud̄ 2 has a representative
st in [1, UV/∆2], and UV/∆2 ≤ M because UV < M2; there are no such d if UV/∆2 < 1, and
otherwise, by Lemma 4.1(b) applied to J = [∆, 2∆) and X = UV/∆2, their number is at most

UV/(∆M)+O(M1/2+o(1)). Since UV/d2 ≤ M , each such d has a unique admissible product st, with

Mo(1) factorisations. Summing over the dyadic ranges with ∆ ≥ D2, of which there are O(logM)

below M , gives, for D2 ≥ M1/2,∑
d>D2

Md ≪
( UV

D2M
+M1/2

)
Mo(1). (9)

Put D1 = ⌈M1/4⌉ and D2 = ⌈M1/2⌉, and use (7) for d ≤ D1, (8) for D1 < d ≤ D2 and (9)
beyond. Since UV < M2, the total error is

O
(
D1M

1/2+o(1) +
( UV

D1M
+D2 +

UV

D2M
+M1/2

)
Mo(1)

)
= O

(
M3/4+o(1)

)
,
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and extending the main term ∑
d≤D1

gcd(d,M)=1

µ(d)
φ(M)UV

d2M2

to all d costs O(UV/(MD1)) = O(M3/4). Finally

φ(M)

M

∑
d≥1

gcd(d,M)=1

µ(d)

d2
=

∏
ℓ|M

(
1− 1

ℓ

)
· 6

π2

∏
ℓ|M

(
1− 1

ℓ2

)−1
= c(M).

The uniformity in u holds because every exponential sum used carries the unit u in its coefficient,
and gcd(hu,M) = gcd(h,M). □

Both lemmas transfer to boxes I × I with I = (A,A′]∩Z and 0 ≤ A < A′ < M by inclusion and
exclusion, with the same error terms.

4.2. Admissible parameters.

Proposition 4.3. There is a constant Q0 ≥ R such that for every prime power Q = pe > Q0 there
is a set MQ of integers with |MQ| ≥ Q1−o(1), the o(1) tending to zero as Q → ∞ through prime
powers, such that every m ∈ MQ satisfies

Q

5
< m < Q, p ∤ m, Qm+ 1 = ab for some integers a, b < Q with gcd(a, b) = 1, (10)

and

Qm ≡

{
42t (mod R), p ̸= 5,

60t (mod R), p = 5.
(11)

Proof. Let IQ = {a ∈ Z : Q/2 < a < Q}, so that ℓQ := |IQ| = Q/2 +O(1), and consider the pairs
(a, b) ∈ I2Q with gcd(a, b) = 1 and

ab ≡ 1 (mod Q), ab ≡

{
42t+ 1 (mod R), p ̸= 5,

60t+ 1 (mod R), p = 5.
(12)

The right-hand sides are units modulo R = 2 · 3 · 5 · 7 · t: each is 1 modulo every prime dividing t;
42t+1 is 1 modulo 2, 3 and 7 and is 2t+1 ≡ 3 modulo 5; and 60t+1 is 1 modulo 2, 3 and 5 and is
4t+1 ≡ 5 modulo 7, by (4). The two congruences in (12) are compatible whenever Q > R: if p | R
then e > vp(R), and pvp(R) divides 42t when p ̸= 5 (for p ∈ {2, 3, 7} because vp(42t) = vp(210t),
and for the remaining primes p | t because then vp(42t) = vp(t) = vp(210t)) and divides 60t when

p = 5 (because 5 ∤ t), so both congruences require ab ≡ 1 modulo pvp(R). Hence, for Q > R, (12) is
a single congruence ab ≡ u (mod M) with

M = lcm(Q,R), Q < M ≤ RQ,

and a unit u modulo M . The primes dividing M divide Rp, so c(M) ≥ c0 for a constant c0 > 0
depending only on t. By Lemma 4.2, transferred to the box IQ × IQ (which is legitimate because
Q− 1 < M), the number of coprime pairs (a, b) ∈ I2Q satisfying (12) is

c(M)
ℓ2Q
M

+O
(
Q3/4+o(1)

)
, and c(M)

ℓ2Q
M

≥ c0
5R

Q (13)

for all sufficiently large Q, since ℓQ ≥ Q/2 − 1 and M ≤ RQ; the error term O(M3/4+o(1)) of

Lemma 4.2 is O(Q3/4+o(1)) because M ≤ RQ.
Among these pairs we discard those with vp(ab − 1) > e. If e = 1 there are none, because

0 < ab− 1 < Q2 = p2 and p | ab− 1. If e ≥ 2 then p ≤ Q1/2, and a discarded pair satisfies ab ≡ 1
(mod pQ) together with the second congruence in (12). Since e ≥ vp(R), the modulus lcm(pQ,R)
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equals pM , and the right-hand side is again a unit, by the same compatibility argument. By
Lemma 4.1(a), applied to the modulus pM and the box IQ× IQ without the coprimality condition,
the number of discarded pairs is at most

φ(pM)

(pM)2
ℓ2Q +O

(
(pM)1/2+o(1)

)
=

φ(M)

pM2
ℓ2Q +O

(
Q3/4+o(1)

)
, (14)

using φ(pM) = pφ(M) and pM ≤ RQ3/2. The ratio of the main term in (14) to the main term in
(13) is

1

p
· φ(M)/M

c(M)
=

π2

6p

∏
ℓ|M

(
1− 1

ℓ2

)
≤ π2

12
< 1.

Consequently, for all sufficiently large Q, at least c1Q coprime pairs (a, b) ∈ I2Q satisfy (12) and

vp(ab− 1) = e, where c1 > 0 depends only on t.
For each such pair put m = (ab − 1)/Q. Then Qm + 1 = ab with a, b < Q coprime; p ∤ m

because vp(ab− 1) = e; m < Q because ab < Q2; and m > Q/4− 1/Q ≥ Q/5 for Q ≥ 5. Reducing
ab − 1 modulo R gives (11). A given m arises from at most τ(Qm + 1) ordered pairs (a, b), and

τ(n) = no(1) with Qm+1 < Q2; so the set MQ of values of m has at least c1Q ·Q−o(1) elements. □

Remark 4.4. The estimate of Lemma 4.2 is nontrivial only when UV exceeds M3/2+ν for some
ν > 0, as noted in [15]; in the proof above UV ≍ Q2 ≥ M2/R2. The coprimality of a and b is what
keeps every prime-power divisor of Qm+ 1 below Q; the discarded pairs were counted without it,
which is why Lemma 4.1(a) suffices there. For hyperbolas ab ≡ u (mod M) with a general unit u
see also [15, §4] and [16].

4.3. Correction pairs.

Definition 4.5. Let Q = pe > Q0 and m ∈ MQ. The correction pair at level Q with parameter m
is

PQ,m = {Qm, Qm+ 1}.
Its centre is the even integer Qm.

Lemma 4.6. Let Q = pe > Q0 and m ∈ MQ.

(a) P (Qm) = Q and P (Qm+ 1) < Q.
(b) vp(ρ(PQ,m)) = −e and resQ(ρ(PQ,m)) = m−1 mod p.
(c) ρ(PQ,m) < 10/Q2.
(d) Every element of PQ,m is congruent to 42t, 42t + 1, 60t or 60t + 1 modulo R, and exceeds

Q2/5.
(e) If PQ,m ̸= PQ′,m′ (with Q′ > Q0, m

′ ∈ MQ′), then the two pairs are disjoint and their centres
differ by at least 18t; in particular the pairs are separated by at least 18t− 2 ≥ g integers.

Proof. (a) Since p ∤ m, the exact p-part of Qm is Q, and every other exact prime-power divisor
of Qm divides m < Q. Write Qm + 1 = ab with gcd(a, b) = 1 and a, b < Q; every prime power
dividing ab divides exactly one of a and b and is therefore smaller than Q.
(b) vp(1/(Qm)) = −e and vp(1/(Qm+ 1)) = 0, whence vp(ρ(PQ,m)) = −e and

Qρ(PQ,m) =
1

m
+

Q

Qm+ 1
≡ m−1 (mod pZ(p)),

because Qm+ 1 ≡ 1 (mod p) is a unit and p | Q.
(c) ρ(PQ,m) < 2/(Qm) < 10/Q2 since m > Q/5.
(d) The centre is 42t or 60t modulo R by (11), and Qm > Q2/5.
(e) The centre Qm is even, so the pairs are disjoint unless they have the same centre; by (a) the

centre determines Q = P (Qm) and then m. Two distinct integers each congruent to 42t or 60t
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modulo R differ by a number congruent to 0 or ±18t modulo R = 210t, hence by at least 18t; and
18t− 2 ≥ 2t− 9 ≥ g by (4). □

4.4. Every residue at small cost. For A ⊆ Fp and an integer h ≥ 1 let h∧A denote the set
of sums of h distinct elements of A. The two facts needed are the theorem of Dias da Silva and
Hamidoune [8] (see also [1]),

|h∧A| ≥ min{p, h(|A| − h) + 1}, (15)

and the Cauchy–Davenport theorem [7], |A+B| ≥ min{p, |A|+ |B| − 1} for nonempty A,B ⊆ Fp;
both are proved in [13, Chapters 2 and 3].

For a prime power Q = pe > Q0 put

N(Q) =

{⌈
2Q/|MQ|

⌉
, e = 1,

p− 1, e ≥ 2.
(16)

By Proposition 4.3, N(Q) ≤ Qo(1) when Q is prime, and N(Q) ≤ Q1/2 when Q is a proper prime
power.

Proposition 4.7. There is a constant Q1 ≥ Q0 such that for every prime power Q = pe > Q1 and
every c ∈ Fp there is a subset S ⊆ MQ with∑

m∈S
m−1 ≡ c (mod p), |S| ≤ N(Q) ≤ Q1/2,

∑
m∈S

ρ(PQ,m) < 10Q−3/2.

Proof. Suppose first that e = 1, so Q = p. Distinct m ∈ Mp ⊂ (0, p) have distinct inverses modulo

p, so A = {m−1 mod p : m ∈ Mp} has s := |A| = |Mp| ≥ p1−o(1) elements, and h := N(p) = ⌈2p/s⌉
satisfies h ≤ s/2 once p is large. Then h(s− h) ≥ hs/2 ≥ p, so h∧A = Fp by (15): every c ∈ Fp is
the sum of exactly h distinct elements of A, that is, of the inverses of h distinct elements of Mp.

Suppose next that e ≥ 2. Then |MQ| ≥ Q1−o(1) ≥ p−1 for Q large, and the inverses c1, . . . , cp−1

of p− 1 distinct elements of MQ are nonzero elements of Fp, possibly with repetitions. The set of
subset sums of {c1, . . . , ci} is {0, c1}+ · · ·+ {0, ci}, and by the Cauchy–Davenport theorem it has
at least min{p, i + 1} elements; for i = p − 1 it is all of Fp. So every c ∈ Fp is a sum of at most
p− 1 of the ci, with distinct indices.

In both cases |S| ≤ N(Q), and N(Q) ≤ Q1/2 for Q large, since N(Q) ≤ Qo(1) for primes and

p− 1 < Q1/2 for proper powers. The mass bound follows from Lemma 4.6(c). □

Corollary 4.8. For L ≥ Q1 and Y ≥ L put

E(L) = 10
∑
Q>L

Q−3/2, H(Y ) =
∑

Q1<Q≤Y

N(Q),

both sums over prime powers. Then E(L) ≤ 20L−1/2, and for every ν > 0

H(Y ) ≪ν Y 1+ν .

Proof. E(L) ≤ 10
∑

n>L n−3/2 ≤ 10
∫∞
L t−3/2 dt = 20L−1/2. ForH(Y ), the primes p ≤ Y contribute

at most
∑

p≤Y N(p), and N(p) ≤ pν for all p > p0(ν) by Proposition 4.3, so their contribution is

Oν(1) + Y · Y ν . The proper prime powers contribute∑
e≥2

∑
pe≤Y

(p− 1) ≤
∑

n≤Y 1/2

n+
∑

3≤e≤log2 Y

∑
n≤Y 1/e

n = O(Y ) +O
(
Y 2/3 log Y

)
. □
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5. Descent

Correction pairs cancel the leading residue of a rational at any level above a fixed cutoff L, and
iterating in descending order of level brings the denominator down to a divisor of lcm(1, . . . , L).

Theorem 5.1. Let L ≥ Q1, let K = lcm(1, . . . , L), let Y ≥ L, and let x be a positive rational with
λ(x) ≤ Y and x > E(L). There is a finite set C of correction pairs with the following properties.

(a) C is the union of batches at pairwise distinct levels Q with L < Q ≤ Y , the batch at level Q
consisting of at most N(Q) correction pairs at that level; in particular |C| ≤ H(Y ).

(b) Any two pairs in C are separated by at least g integers; their elements are congruent to 42t,
42t+ 1, 60t or 60t+ 1 modulo R and exceed L2/5.

(c) The rational x′ = x−
∑

P∈C ρ(P) satisfies x− E(L) < x′ ≤ x and Kx′ ∈ Z.

Proof. Put x0 = x and C0 = ∅, and suppose that xi > x−E(L) has been defined, with λ(xi) ≤ Y ,
together with a set Ci of correction pairs, the union of batches at distinct levels above L. If
λ(xi) ≤ L the process stops. Otherwise put Λi = λ(xi) = peii , so that L < Λi ≤ Y and Λi > Q1,
and let ci = resΛi(xi) be the leading residue of xi. By Proposition 4.7 there is Si ⊆ MΛi with∑

m∈Si
m−1 ≡ ci (mod pi) and |Si| ≤ N(Λi). Put

yi =
∑
m∈Si

ρ(PΛi,m), xi+1 = xi − yi, Ci+1 = Ci ∪ {PΛi,m : m ∈ Si}.

By Lemma 4.6(b), each ρ(PΛi,m) has vpi ≥ −ei and residue m−1 at level Λi, so vpi(yi) ≥ −ei and,
by additivity, resΛi(yi) = ci = resΛi(xi). By Lemma 4.6(a), every exact prime-power divisor of the
reduced denominator of yi other than its pi-part divides one of the integers Λim or Λim + 1 with
m ∈ Si and is smaller than Λi. Lemma 3.3 therefore gives λ(xi+1) < Λi, provided xi+1 ̸= 0, which
is shown below. In particular the levels Λ0 > Λ1 > . . . are strictly decreasing, no level is used twice,
and every level used lies in (L, Y ]; the process stops after finitely many steps.

By Proposition 4.7, yi < 10Λ
−3/2
i . Since the levels are distinct prime powers exceeding L,∑

i

yi < 10
∑
Q>L

Q−3/2 = E(L),

so xi+1 > x−E(L) > 0 at every step, which justifies the induction, and the final rational x′ satisfies
x − E(L) < x′ ≤ x. At termination λ(x′) ≤ L: every exact prime-power divisor of the reduced
denominator of x′ is at most L and hence divides K, so Kx′ ∈ Z. This proves (c).

Let C be the final set of pairs. Its batches are the sets {PΛi,m : m ∈ Si}, at the distinct levels
Λi ∈ (L, Y ], with |Si| ≤ N(Λi); so |C| ≤

∑
iN(Λi) ≤ H(Y ), which proves (a). Distinct pairs in C

are separated by at least g integers by Lemma 4.6(e), and the congruence and size assertions in (b)
follow from Lemma 4.6(d) and Λi > L. □

6. Reserved pairs

The descent of Section 5 leaves a positive rational whose denominator divides K = lcm(1, . . . , L).
It is absorbed exactly by completing some members of a fixed family of reserved pairs {Kd+1,Kd+
2} to triples {Kd,Kd+ 1,Kd+ 2}. The indices d are grouped by the following elementary fact.

Lemma 6.1. For every integer M ≥ 1 there is a finite set D of integers greater than M with∑
d∈D 1/d = 1.

Proof. Let N > M be the least integer with
∑N

d=M+1 1/d ≥ 1; it exists because the harmonic series
diverges. If equality holds, D = {M + 1, . . . , N} will do. Otherwise

x = 1−
N−1∑

d=M+1

1

d
satisfies 0 < x <

1

N
.
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Expand x by the greedy algorithm: for a rational a/b ∈ (0, 1) in lowest terms put q = ⌈b/a⌉ and pass
to a/b−1/q. Since q−1 < b/a, the new numerator aq−b satisfies 0 ≤ aq−b < a, so the numerators
in lowest terms strictly decrease and the expansion terminates; and a/b − 1/q = (aq − b)/(bq) <
a/(bq) < 1/(q(q − 1)), so the next denominator exceeds q(q − 1) ≥ q; the denominators therefore
strictly increase. The first denominator is ⌈1/x⌉ > N . Adjoining the denominators of the expansion
to {M + 1, . . . , N − 1} gives D. □

6.1. The fixed constants. Fix the positive rational r and the integer B ≥ 0 of Theorem A (the
integer g and t, R were fixed in Section 4), and put

η =
r

1000
. (17)

Choose an integer L so large that

L ≥ Q1, E(L) <
η

4
, L ≥ R, L ≥ 10

η
, L2 > 5B, (18)

which is possible by Corollary 4.8, and put

K = lcm(1, . . . , L), J = ⌈4Kη⌉. (19)

Then R | K and Kη ≥ Lη ≥ 10. By Lemma 6.1, applied J times with M equal to the larger
of B and the largest integer already chosen, there are pairwise disjoint finite sets D0, . . . ,DJ−1 of
integers greater than B with ∑

d∈Dj

1

d
= 1 (0 ≤ j < J). (20)

Put

U =
J−1⋃
j=0

Dj , A =
⋃
d∈U

{Kd+ 1,Kd+ 2}, C0 = |U |, A0 = ρ(A). (21)

All of r, B, η, L, K, J , the sets Dj , U , A, C0 and A0 remain fixed for the rest of the paper. For
d ∈ U the pair Rd = {Kd+ 1,Kd+ 2} is the reserved pair with index d.

Lemma 6.2. (a) A is a legal set with κ(A) = C0 components, namely the pairs Rd, any two of
which are separated by at least g integers; A0 < 10η; and every element of A exceeds B.

(b) Let x be a rational number with 0 < x ≤ 2η and Kx ∈ Z. There is a set D ⊆ U with∑
d∈D

1

Kd
= x.

For any D ⊆ U the set A′ = A∪{Kd : d ∈ D} is legal, ρ(A′) = A0+
∑

d∈D 1/(Kd), κ(A′) = C0,
its components are the pairs Rd for d ∈ U \D and the triples {Kd,Kd+1,Kd+2} for d ∈ D,
any two of them are separated by at least g integers, and all its elements are congruent to 0, 1
or 2 modulo R.

Proof. (a) For distinct d, d′ ∈ U the pairs Rd and Rd′ are separated by at least K − 3 integers, and
K − 3 ≥ R− 3 > g by (4). By (20),

A0 ≤
2

K

∑
d∈U

1

d
=

2J

K
≤ 8Kη + 2

K
= 8η +

2

K
≤

(
8 +

1

5

)
η < 10η,

using J ≤ 4Kη + 1 and K ≥ 10/η. Every element of A is at least KminU + 1 > B.
(b) The number w = Kx is an integer with 1 ≤ w ≤ 2Kη < J . Put D = D0 ∪ · · · ∪ Dw−1; by

(20), ∑
d∈D

1

Kd
=

1

K

∑
j<w

∑
d∈Dj

1

d
=

w

K
= x,
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and D ⊆ U . For any D ⊆ U , adjoining Kd to A extends the reserved pair Rd to the triple
{Kd,Kd + 1,Kd + 2}; the integer Kd − 1 is not in A′, because it is congruent to −1 modulo K
while the elements of A′ are congruent to 0, 1 or 2 modulo K, and K > 3. So the components of
A′ are as stated, their number is C0, consecutive ones are separated by at least K − 3 ≥ g integers,
and ρ(A′) = A0 +

∑
d∈D 1/(Kd). The congruences modulo R follow from R | K. □

7. Cells

Definition 7.1. For an integer d ≥ 1 put n = Kd+ 8t and

An = {10n, 15n, 12n+ 2, 18n+ 3, 36n+ 6}.
The cell with index d is the union of five triples,

Zd =
⋃

a∈An

[a, a+ 2],

and the split cell with index d is the union of six pairs,

Z∗
d = [6n, 6n+ 1] ∪

⋃
a∈An

[a+ 1, a+ 2].

The common reciprocal sum of the two is denoted h(d).

Thus Z∗
d is obtained from Zd by deleting the first element of each of the five triples and adjoining

the pair {6n, 6n + 1}. In terms of d the fifteen elements of Zd are the integers αd + β with (α, β)
in the list

(10K, 80t+ i), (15K, 120t+ i), (12K, 96t+ 2 + i),

(18K, 144t+ 3 + i), (36K, 288t+ 6 + i), i ∈ {0, 1, 2},
(22)

and Z∗
d contains in addition 6Kd+ 48t and 6Kd+ 48t+ 1.

five triples: Zd six pairs: Z∗
d

10n 10n+ 1 10n+ 2 10n+ 1 10n+ 2

12n+ 2 12n+ 3 12n+ 4 12n+ 3 12n+ 4

15n 15n+ 1 15n+ 2 15n+ 1 15n+ 2

18n+ 3 18n+ 4 18n+ 5 18n+ 4 18n+ 5

36n+ 6 36n+ 7 36n+ 8 36n+ 7 36n+ 8

6n 6n+ 1

ρ unchanged

κ 7→ κ+ 1

Figure 1. The two states of one cell. The five black elements on the left and the
two black elements on the right have the same reciprocal sum; the ten gray elements
are retained. Splitting a cell changes nothing outside it.

Lemma 7.2. For every d ≥ 1:

(a) ρ(Z∗
d) = ρ(Zd) = h(d);

(b) Zd is legal with κ(Zd) = 5 and all components of length 3; Z∗
d is legal with κ(Z∗

d) = 6 and all
components of length 2;

(c)
1

K(d+ 1)
≤ h(d) ≤ 1

Kd
, h(d) =

1

Kd
+OK,t

(
d−2

)
. (23)
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Proof. (a) Since 12n+ 2 = 2(6n+ 1), 18n+ 3 = 3(6n+ 1) and 36n+ 6 = 6(6n+ 1),

1

10n
+

1

15n
=

1

6n
,

1

12n+ 2
+

1

18n+ 3
+

1

36n+ 6
=

1

6n+ 1

(1
2
+

1

3
+

1

6

)
=

1

6n+ 1
,

so the five deleted elements and the two adjoined ones have the same reciprocal sum.
(b) In increasing order the five triples of Zd begin at 10n, 12n+2, 15n, 18n+3, 36n+6, and the

six pairs of Z∗
d begin at 6n, 10n+ 1, 12n+ 3, 15n+ 1, 18n+ 4, 36n+ 7. In each list the difference

between consecutive starting points is at least 2n, so the displayed intervals are pairwise disjoint
and pairwise nonadjacent.
(c) Each pair (α, β) in (22) has 0 < β < α, because β ≤ 288t+ 8 and α ≥ 10K ≥ 2100t. Hence

1/(α(d+1)) ≤ 1/(αd+ β) ≤ 1/(αd), and summing over the fifteen elements, with 3
(

1
10 +

1
15 +

1
12 +

1
18 + 1

36

)
= 1, gives the two bounds; 1/(αd+ β) = 1/(αd) +OK,t(d

−2) gives the asymptotic. □

Modulo R = 210t the elements of Zd ∪ Z∗
d lie in the six bands

[48t, 48t+1], [78t+6, 78t+8], [80t, 80t+2], [96t+2, 96t+4], [120t, 120t+2], [144t+3, 144t+5], (24)

independently of d: the first is the class of the pair {6n, 6n + 1}, the second that of the triple at
36n+ 6 = 36Kd+ 288t+ 6, and the others are the classes of the triples at 10n, 12n+ 2, 15n and
18n + 3. The reserved pairs and their completions occupy [0, 2], and the correction pairs occupy
[42t, 42t+1] and [60t, 60t+1], by Lemma 6.2(b) and Lemma 4.6(d). In cyclic order the nine bands
are

[0, 2], [42t, 42t+ 1], [48t, 48t+ 1], [60t, 60t+ 1], [78t+ 6, 78t+ 8],

[80t, 80t+ 2], [96t+ 2, 96t+ 4], [120t, 120t+ 2], [144t+ 3, 144t+ 5],
(25)

and the numbers of residues strictly between consecutive bands, the last one counted cyclically up
to 210t, are

42t− 3, 6t− 2, 12t− 2, 18t+ 4, 2t− 9, 16t− 1, 24t− 5, 24t, 66t− 6,

all at least 2t− 9 ≥ g by (4). Figure 2 shows the nine bands.

0 42t 60t 96t 120t 144t 210t
48t 78t, 80t

reserved

pairs

p ̸= 5

split

pair

pairs

p = 5

36n+6

10n

12n+2

15n 18n+3

Figure 2. The nine bands of residues modulo R = 210t occupied by components:
the reserved pairs and triples at [0, 2], the correction pairs at [42t, 42t + 1] and
[60t, 60t+1], the pair {6n, 6n+1} of a split cell at [48t, 48t+1], and the five triples
of a cell at [78t + 6, 78t + 8], [80t, 80t + 2], [96t + 2, 96t + 4], [120t, 120t + 2] and
[144t + 3, 144t + 5]. Band widths are not to scale. The narrowest gap, between
78t+ 8 and 80t, contains 2t− 9 residues.

Proposition 7.3. Let A′ be a set as in Lemma 6.2(b), let C be a finite set of correction pairs, let
E be a finite set of positive integers, and for each d ∈ E let Z ′

d be either Zd or Z∗
d . Then

S = A′ ∪
⋃
P∈C

P ∪
⋃
d∈E

Z ′
d
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is a legal set whose components are exactly the components of A′, the pairs in C, and the components
of the sets Z ′

d; any two components of S are separated by at least g integers; every component of S
has length 2 or 3; and

ρ(S) = ρ(A′) +
∑
P∈C

ρ(P) +
∑
d∈E

h(d), κ(S) = C0 + |C|+
∑
d∈E

κ(Z ′
d).

Proof. It suffices to show that any two of the listed components are separated by at least g ≥ 1
integers: they are then pairwise disjoint and pairwise nonadjacent runs of length 2 or 3, so their
union is a legal set having exactly these runs as components, and the formulas for ρ(S) and κ(S)
follow.

Let X and Y be two of the listed components with x = maxX < y = minY . Every listed
component lies, modulo R, inside one of the nine bands (25). Suppose first that X and Y lie in
different bands. Then y − x is congruent modulo R to the difference of a residue in the band of Y
and a residue in the band of X, and every positive integer in that residue class is at least 1 plus the
number of residues strictly between the band of X and the band following it in cyclic order, hence
at least 2t− 8. So y − x ≥ 2t− 8, and at least 2t− 9 ≥ g integers lie strictly between X and Y .

Suppose next that X and Y lie in the same band. If both come from A′, then y − x ≥ K − 2,
because the components of A′ start at integers of the form Kd or Kd+ 1 with distinct d and have
length at most 3. If both come from cells, they belong to the same linear family, with coefficient
α ≥ 6K and different indices, so y − x ≥ 6K − 2. If both are correction pairs, their centres
differ by at least 18t by Lemma 4.6(e), so y − x ≥ 18t − 1. In each case y − x − 1 ≥ g, because
K ≥ R = 210t > 2t− 9 ≥ g.

The component lengths are 2 or 3 for A′ (Lemma 6.2), 2 for C, and 3 or 2 for the cells
(Lemma 7.2(b)). □

Corollary 7.4. In the situation of Proposition 7.3, let E′ ⊆ E be a set of indices with Z ′
d = Zd

for every d ∈ E′. Replacing Zd by Z∗
d for the indices d ∈ E′ produces a legal set with the same

reciprocal sum, with any two components separated by at least g integers, and with exactly |E′| more
components.

Proof. Apply Proposition 7.3 to the new choice of the sets Z ′
d and use Lemma 7.2(a),(b). □

8. Powersmooth cells at a fixed scale

Put

G = r −A0 − 2η, (26)

which is positive since A0 < 10η by Lemma 6.2(a). Choose an integer C > 1 with

1

K
logC > 2r, (27)

then a real number ε with

0 < ε < min
{ 1

10
,

rK

100(C − 1)

}
, (28)

and put Γ = 36KC + 300t. The constants C, ε and Γ are fixed from now on. For an integer T ≥ 1
put

YT = T 1−ε. (29)

Definition 8.1. A cell Zd is admissible at scale T if all fifteen elements of Zd are YT -powersmooth.
Write LT for the set of d ∈ [T,CT ] such that Zd is admissible at scale T .

Admissibility refers to the cell Zd only; the elements 6Kd+48t and 6Kd+48t+1 of Z∗
d are not

required to be powersmooth.
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8.1. Few cells are lost.

Lemma 8.2. As T → ∞,

#
(
[T,CT ] ∩ Z \ LT

)
≤ 30(C − 1)εT + o(T ),

where the o(T ) depends on K, t, C and ε.

Proof. If Zd is not admissible, some element αd + β in (22) is divisible by a prime power q >
YT , and q ≤ αd + β ≤ 36KCT + 288t + 8 < ΓT . The fifteen pairs (α, β) are fixed, with α ∈
{10K, 12K, 15K, 18K, 36K}, and the prime divisors of α are at most L. For each of the fifteen
forms we count the d ∈ [T,CT ] with q | αd+ β for some prime power q with YT < q < ΓT .

Consider first q = p prime. For T so large that YT > L, every such p is prime to α, so the d with
p | αd+ β form a single residue class modulo p, and there are at most (C − 1)T/p + 1 of them in
[T,CT ]. By Mertens’ theorem [10, Theorem 427],∑

YT<p<ΓT

1

p
= log

log(ΓT )

log YT
+ o(1) = log

log Γ + log T

(1− ε) log T
+ o(1) = − log(1− ε) + o(1),

and − log(1 − ε) ≤ ε/(1 − ε) ≤ 2ε for ε ≤ 1/10. Since Γ is fixed, π(ΓT ) = o(T ) by Chebyshev’s
bound [10, Theorem 7]. The primes therefore account for at most (C − 1)T (2ε+ o(1)) + π(ΓT ) =
2(C − 1)εT + o(T ) values of d for each form.

Consider next q = pa with a ≥ 2. Put γ = gcd(α, q) ≤ α ≤ 36K. If the congruence αd ≡ −β
(mod q) is solvable, its solutions form one residue class modulo q/γ, so at most γ

(
(C − 1)T/q + 1

)
values of d ∈ [T,CT ] satisfy it. Summing over the proper prime powers q with YT < q < ΓT ,∑

YT<q<ΓT
q proper

γ
((C − 1)T

q
+ 1

)
≤ 36K

(
(C − 1)T

∑
q>YT

q proper

1

q
+#{q < ΓT : q proper}

)
.

The series
∑

q 1/q over proper prime powers converges, so its tail beyond YT is o(1), and the number

of proper prime powers below x is at most
∑

2≤a≤log2 x
x1/a = O(x1/2). So the proper prime powers

account for o(T ) values of d for each form.
Summing over the fifteen forms gives the lemma. □

8.2. Selection of a prefix.

Lemma 8.3. For all sufficiently large T the following hold.

(a)
∑

d∈LT
h(d) > r.

(b) Let DT be the least integer in [T,CT ] such that
∑

d∈LT , d≤DT
h(d) ≥ G, let ET = {d ∈ LT :

d ≤ DT } and mT = |ET |. Then

G ≤
∑
d∈ET

h(d) < G+
1

KT
(30)

and
KGT ≤ mT ≤ (C − 1)T + 1. (31)

Proof. By (23), ∑
T≤d≤CT

h(d) =
1

K

∑
T≤d≤CT

1

d
+OK,t

( 1

T

)
=

1

K
logC + o(1),

which exceeds 2r for large T by (27). Every d ∈ [T,CT ] has h(d) ≤ 1/(KT ), so by Lemma 8.2 the
cells with d ∈ [T,CT ] that are not admissible have total reciprocal sum at most(

30(C − 1)εT + o(T )
) 1

KT
=

30(C − 1)ε

K
+ o(1) <

3r

10
+ o(1)
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by (28), which is less than r/2 for large T . Hence
∑

d∈LT
h(d) > 2r − r/2 − o(1) > r for large T ,

proving (a).
Since r > G, (a) shows that DT exists and DT ≤ CT . The sum in (30) is at least G by definition,

and it was smaller than G before the last term h(DT ) ≤ 1/(KT ) was added; this gives (30). The
lower bound in (31) follows from G ≤ mT /(KT ), and the upper bound from ET ⊆ [T,CT ]. □

8.3. One correction for all cell states. For σ ∈ {0, 1}ET write Z
(0)
d = Zd and Z

(1)
d = Z∗

d , and
|σ| for the number of indices d with σd = 1.

Theorem 8.4. There is a constant A1, depending on r, B and g, such that for all sufficiently large
T there are a set A′

T as in Lemma 6.2(b), a set CT of correction pairs, and an injective map

ΨT : {0, 1}ET → {finite legal sets}

with the following properties, where jT = |CT | and aT = C0 + 5mT + jT .

(a) 0 ≤ jT ≤ H(YT ) ≪ T 1−ε/2.
(b) For every σ, the set ΨT (σ) has reciprocal sum r and exactly aT + |σ| components; every

component has length 2 or 3; any two components are separated by at least g integers; and

B < minΨT (σ), maxΨT (σ) ≤ A1T
2−2ε.

(c) If exactly u coordinates of σ are 0, then ΨT (σ) has 5u + τT components of length 3, where
0 ≤ τT ≤ C0 does not depend on σ.

Proof. Let T be large enough for Lemma 8.3, and put

xT = r −A0 −
∑
d∈ET

h(d) = G+ 2η −
∑
d∈ET

h(d). (32)

By (30), 2η − 1/(KT ) < xT ≤ 2η, so
7η

4
< xT ≤ 2η (33)

once 1/(KT ) < η/4. The reduced denominator of xT divides the least common multiple of the
denominator of r, the elements of A and the elements of the cells Zd, d ∈ ET . The last are
YT -powersmooth by admissibility, and the finitely many fixed integers among the former are YT -
powersmooth as soon as YT exceeds their largest exact prime-power divisor. Hence λ(xT ) ≤ YT for
large T . Also xT > 7η/4 > E(L) by (18).

Apply Theorem 5.1 to x = xT with Y = YT (and L, K as in (18), (19)). It gives a set CT of
correction pairs at levels in (L, YT ], with jT := |CT | ≤ H(YT ), and the rational

xf = xT −
∑
P∈CT

ρ(P)

satisfies xT − E(L) < xf ≤ xT and Kxf ∈ Z. By (33) and E(L) < η/4,

3η

2
< xf ≤ 2η.

By Lemma 6.2(b) there is D ⊆ U with
∑

d∈D 1/(Kd) = xf ; let A′
T = A ∪ {Kd : d ∈ D}, so that

ρ(A′
T ) = A0 + xf and κ(A′

T ) = C0, and put τT = |D|, the number of triples of A′
T . Define

ΨT (σ) = A′
T ∪

⋃
P∈CT

P ∪
⋃

d∈ET

Z
(σd)
d . (34)

By Proposition 7.3, ΨT (σ) is legal, its components have length 2 or 3 and are pairwise separated
by at least g integers, and

κ(ΨT (σ)) = C0 + jT + 5(mT − |σ|) + 6|σ| = aT + |σ|
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and
ρ(ΨT (σ)) = A0 + xf +

∑
P∈CT

ρ(P) +
∑
d∈ET

h(d) = r

by (32). The components of length 3 are the τT triples of A′
T and the five triples of each unsplit

cell, which proves (c). The map is injective: the pair {6Kd + 48t, 6Kd + 48t + 1} is contained in
ΨT (σ) if and only if σd = 1, because its residue band [48t, 48t + 1] is used by no other kind of
component and distinct indices give distinct pairs; so ΨT (σ) determines σ.

The elements of A′
T exceed B by Lemma 6.2; those of the correction pairs exceed L2/5 > B by

Theorem 5.1(b) and (18); and those of the cells, in either state, are at least 6KT > B once T ≥ B.
For the upper bound, every element of A′

T is at most M0 := KmaxU + 2, a fixed integer; every
element of a cell, in either state, is less than ΓT ; and every element of a correction pair at level
Q ≤ YT is less than Q2 ≤ T 2−2ε, by (10). Hence maxΨT (σ) ≤ max{M0,ΓT, T

2−2ε} ≤ A1T
2−2ε for

a suitable A1.
Finally, Corollary 4.8 with ν = ε/(2(1 − ε)) gives H(YT ) ≪ T (1−ε)(1+ν) = T 1−ε/2, which proves

(a). □

Corollary 8.5. For all sufficiently large T and every integer s with 0 ≤ s ≤ mT , at least
(
mT
s

)
distinct legal sets have reciprocal sum r, exactly aT + s components, and the properties listed in
Theorem 8.4(b). In particular every integer in [aT , aT +mT ] is the number of components of such
a set.

Proof. The sets ΨT (σ) with |σ| = s are distinct by injectivity, and Theorem 8.4(b) applies to
each. □

9. Consecutive scales and the proof of Theorem A

Proposition 2.1 will be applied to the maps ΨT of Theorem 8.4, with q = 5 and bT = C0 + jT .
The hypothesis bT = o(T ) is Theorem 8.4(a), and mT ≍ T is (31); what remains is the change of
mT from one scale to the next. The number jT of correction pairs need not vary regularly with T ,
and no such regularity is used.

Lemma 9.1. |LT△LT+1| = OK,C,ε(T
ε).

Proof. The two sets of indices differ outside [T +1, CT ] in at most 1+C elements. On [T +1, CT ]
every cell admissible at scale T is admissible at scale T + 1, because YT+1 > YT . Conversely, a cell
Zd with d ∈ [T + 1, CT ] admissible at scale T + 1 but not at scale T has an element αd+ β in (22)
divisible by a prime power q with YT < q ≤ YT+1. Since

YT+1 − YT = (T + 1)1−ε − T 1−ε ≤ (1− ε)T−ε < 1,

there is at most one integer in (YT , YT+1]. If it is a prime power q, then, as in the proof of
Lemma 8.2, for each of the fifteen forms at most gcd(α, q)

(
(C − 1)T/q+1

)
≤ 36K

(
(C − 1)T ε +1

)
indices d ∈ [T,CT ] satisfy q | αd+ β, using q > YT = T 1−ε. □

Lemma 9.2. |mT+1 −mT | = OK,C,ε(T
ε) for all sufficiently large T .

Proof. Put Λ = LT ∩ LT+1, P = ET and P ′ = ET+1, and let s = |LT△LT+1|. All indices under
consideration lie in [T,C(T + 1)], so by (23) every h(d) involved satisfies

hmin :=
1

K(C(T + 1) + 1)
≤ h(d) ≤ 1

KT
=: hmax,

hmax

hmin
≤ 3C.

The set P ∩ Λ = {d ∈ Λ : d ≤ DT } is an initial segment of Λ in the natural order, and so is
P ′ ∩ Λ = {d ∈ Λ : d ≤ DT+1}; hence one of them contains the other. By symmetry assume
P ∩ Λ ⊆ P ′ ∩ Λ and put ∆ = (P ′ ∩ Λ) \ (P ∩ Λ). Then∑

d∈P ′

h(d)−
∑
d∈P

h(d) =
∑
d∈∆

h(d) +
∑

d∈P ′\Λ

h(d)−
∑

d∈P\Λ

h(d).
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The left-hand side is less than hmax by (30) at scales T and T + 1, the middle sum on the right is
nonnegative, and |P \ Λ| ≤ s because P \ Λ ⊆ LT \ LT+1. Hence

|∆|hmin ≤
∑
d∈∆

h(d) < (1 + s)hmax, so |∆| ≤ 3C(1 + s).

Since P△P ′ ⊆ (P \ Λ) ∪ (P ′ \ Λ) ∪∆,

|mT+1 −mT | ≤ |P△P ′| ≤ 2s+ 3C(1 + s),

and s = OK,C,ε(T
ε) by Lemma 9.1. □

The argument uses no information about the gaps between consecutive elements of LT : it counts
admissible indices between the two stopping points, not the distance between them.

Proof of Theorem A. The constants were fixed at the start of Section 4, in Section 6.1 and at the
start of Section 8, in the order g, t, R; r,B, η; L,K, J ; D0, . . . ,DJ−1, U, C0, A0; C; ε; Γ; they do not
depend on T . For T large, Theorem 8.4 provides ΨT , and (31), Theorem 8.4(a) and Lemma 9.2
give

mT ≍ T, mT+1 −mT = o(T ), bT := C0 + jT = o(T ).

Put δ = 2ε; then 0 < δ < 1/5 by (28).
(i) By Proposition 2.1 with q = 5, there is k0 such that every k ≥ k0 is the number of components

of ΨT (σ) for some T with k ≥ 5mT and at least 2k/21 distinct σ. These sets ΨT (σ) are distinct legal
sets, and by Theorem 8.4(b) each is a family of k intervals of integers greater than B, of lengths 2
or 3, any two separated by at least g integers, with reciprocal sum r and largest element at most
A1T

2−2ε. Since k ≥ 5mT ≥ 5KGT by (31), the largest element is at most A1(5KG)−(2−δ)k2−δ.
(ii) Put vT = aT +mT = C0 + 6mT + jT . By Lemma 9.2 and Theorem 8.4(a),

|vT − vT−1| ≤ 6|mT −mT−1|+ jT + jT−1 = O
(
T 1−ε/2

)
.

Let T∗ be such that Theorem 8.4 and this bound hold for all T ≥ T∗, and let k > vT∗ . Since
vT ≥ mT → ∞, there is a least T ≥ T∗ with vT ≥ k, and then T > T∗ and vT−1 < k ≤ vT . Put
u = vT − k; then 0 ≤ u < vT − vT−1 = O(T 1−ε/2), so u ≤ mT for large k. Choose σ with exactly
u coordinates equal to 0. Then ΨT (σ) has aT +mT − u = k components, and by Theorem 8.4(c)

at most 5u + C0 = O(T 1−ε/2) of them have length 3. As k ≥ aT ≥ 5mT ≥ 5KGT , this is

O(k1−ε/2) = O(k1−δ/4), and the largest element is O(k2−δ) as in (i). Enlarging A and k0 to cover
both assertions completes the proof. □

Proof of Corollary B. Take r = 1, B = 0 and g = 1 in Theorem A(i). □

Corollary 9.3. Let r > 0 be rational, let g ≥ 1 be an integer, and let S0 be a finite set of positive
integers with ρ(S0) < r whose components have length 2 or 3 and are pairwise separated by at least
g integers. For every sufficiently large integer k there is a set S ⊇ S0 with ρ(S) = r and exactly k
components, all of length 2 or 3 and pairwise separated by at least g integers, and all elements of
S \ S0 can be required to exceed any prescribed bound.

Proof. Apply Theorem A to the rational r−ρ(S0) > 0, to a bound B ≥ maxS0+g at least as large
as the prescribed one, and to the count k − κ(S0); adjoin S0. Every component of S0 is separated
from every new component by at least g integers, so the components of the union are those of the
two parts. □

Remark 9.4. Every threshold in the proof is effective in principle: the exponential-sum bounds (6),
the divisor bound and the prime-number estimates used in Lemma 8.2 admit effective constants,
and Lemma 6.1 is a terminating algorithm. None of the thresholds is small. The reserved family
alone has C0 = |U | components with U built from J = ⌈4Kη⌉ unit-fraction expansions and K =
lcm(1, . . . , L), the condition logC > 2rK forces a small ε in (28), and T∗ must be large enough
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for the sieve of Lemma 8.2. The argument therefore gives no practical value of k0(r,B, g) and no
algorithm for a prescribed modest k; the exponents 1/21 and δ are not optimised. What is known
for small k when r = 1 is collected in Appendix A.

Remark 9.5. Split cells and correction pairs consist of pairs, so the only components of length
3 in ΨT (σ) come from unsplit cells and from the completed reserved pairs; this is what gives
Theorem A(ii). Whether every sufficiently large k admits a representation of r by k intervals of
length 2 only is not known to the author; the cell of Definition 7.1 cannot decide it, since its unsplit
state consists of triples, and a construction with pairs alone would need a different local identity.

Appendix A. Finite representations of 1

The statements in this appendix concern representations of 1 by pairwise disjoint, pairwise non-
adjacent intervals of length at least two, with no restriction on the lengths. They were established
by exhaustive enumeration in exact rational arithmetic, with the pruning of Lemma 3.2, and are
not used in the proof of Theorem A.

Proposition A.1. (i) No such representation has all denominators at most 84. Exactly four
have all denominators at most 85; they have 8, 9, 10 and 11 intervals.

(ii) Every such representation with all denominators at most 99 has at least eight intervals, and
there is one with seven intervals and largest denominator 100.

(iii) Such representations exist for every number of intervals from 7 to 21.

Exact verification. A representation cannot contain 1, since it would then contain 2 and its recip-
rocal sum would exceed 1. Start with the set {2, . . . , N} of candidate denominators, and repeat
the following two reductions until nothing changes: remove every candidate neither of whose neigh-
bours is a candidate; and, for each prime p, with q the largest power of p dividing a candidate,
compute in Fp all subset sums of the residues (n/q)−1 over the candidates n divisible by q, and
remove every such n that lies in no subset with sum 0. Both reductions remove only integers that
belong to no representation, the second by Lemma 3.2. For each maximal run of the remaining
candidates enumerate every subset without isolated elements, including the empty one; since no
subset can join two different runs, these local choices enumerate exactly the legal subsets of the
candidate set. With D the least common multiple of the candidates and weight D/n attached to
n, a meet-in-the-middle enumeration retains the choices of total weight D, and each retained set is
rechecked in rational arithmetic. For N = 84 nothing is retained; for N = 85 exactly the four sets
displayed below are retained; for N = 99 seven sets are retained, each with at least eight intervals.
This proves (i) and the first assertion of (ii). The displayed seven-interval identity proves the second
assertion of (ii), and the examples recorded in Table 1, each rechecked in rational arithmetic for
disjointness, nonadjacency, lengths and sum, prove (iii). □

The four representations with all denominators at most 85 are

1 = H[7, 10] +H[14, 15] +H[17, 19] +H[34, 36] +H[44, 45] +H[56, 57] +H[76, 77] +H[84, 85],

1 = H[5, 6] +H[14, 15] +H[17, 18] +H[20, 22] +H[27, 28] +H[33, 34] +H[44, 45]

+H[54, 55] +H[84, 85],

1 = H[6, 8] +H[14, 15] +H[17, 18] +H[26, 27] +H[34, 35] +H[44, 45] +H[54, 56]

+H[65, 66] +H[77, 78] +H[84, 85],

1 = H[7, 8] +H[11, 12] +H[17, 18] +H[21, 22] +H[26, 28] +H[33, 34] +H[44, 45] +H[54, 56]

+H[65, 66] +H[77, 78] +H[84, 85],

and a representation with seven intervals is

1 = H[4, 5] +H[9, 11] +H[21, 22] +H[25, 26] +H[65, 66] +H[77, 78] +H[99, 100].
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Thus 85 is the smallest possible largest denominator, and 100 the smallest for seven intervals.
Whether fewer than seven intervals can occur is not decided by these computations. Of the examples
in Table 1, those with 7, 9, 10, 11, 12 and 20 intervals use intervals of length 2 or 3 only; the others
contain longer intervals, so they do not exhibit the conclusion of Theorem A for small k.

Table 1. Examples for Proposition A.1(iii): number of intervals k, largest denom-
inator, and largest interval length.

k largest denominator largest length k largest denominator largest length

7 100 3 15 190 4
8 85 4 16 190 4
9 85 3 17 190 5

10 85 3 18 190 4
11 85 3 19 190 5
12 176 3 20 196 2
13 145 4 21 2080 5
14 196 4
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