CRITICAL GROWTH OF TWO RATIONAL AHMES SERIES: ERDOS PROBLEM #265

PINGYOU LTD

ABSTRACT. We prove that if 2 < a; < az < --- are integers for which >~ 1/a, and Y 1/(an —1)
both have rational sums, then al/ 2" 5 1. This is the critical-growth assertion of Erdds, left open
by the known doubly exponential constructions with both sums rational; no regularity of growth is
assumed, and a limit superior greater than one, finite or infinite, is excluded.

We show that a rational reciprocal sum of a nondecreasing sequence b; > j> with denominator
q satisfies logb; < ot 97 log(3q), uniformly in the sequence and the numerator. Restarting this
bound after every finite prefix of the difference series > 1/[an(a, — 1)] shows that a positive limit
superior of 27" log a,, forces eventual exponential growth; pairing the two tails so that their off-
diagonal product becomes a positive integer once the prefix denominators are cleared then gives
log a, = O(3™/?), and v/3 < 2 closes the argument. Doubly exponential growth at/?" = o with
both sums rational is therefore possible only for 8 < /3, while it is known for every 8 < \/%
Taken together, the two rational sums bound each other’s tails, and the margin between v/3 and 2
is the whole proof.

1. INTRODUCTION

Erdos asked how rapidly an increasing sequence of integers 1 < a1 < ag < --- can grow when
the two series
=1 = 1
— and 1.1
an Z a, — 1 (1.1)
n=1 n=1

both have rational sums [5, p. 64], [3, p. 334], [4, p. 104]; the question is recorded as Problem 265
at https://www.erdosproblems.com/265. The second series excludes a; = 1, so a; > 2, and

increasing order is part of the formulation (Remark 7.5). Erdds expected that ay, / — 0o should be

1/2n

possible, while a;© — 1 should be necessary. The first assertion follows from a theorem of Kovac
and Tao [7, §2.2.1 and (7.9)]: for every fixed d > 1 and every 1 < 3 < ((2d+2)/(2d+1))"/? there is

a strictly increasing sequence (c,,) with ¢y B" _ o such that all d sums Yonl/len+7),0<j<d,
are rational; their construction leaves the critical base 2 unresolved [7, §2.2.1].

Theorem A (Critical growth). Let (ap)n>1 be a strictly increasing sequence of integers with a; > 2.

If both series in (1.1) converge to rational numbers, then
. loga,
lim
n—oo 2N

=0, equivalently lim a}/zn =1. (1.2)
n—oo

The theorem permits arbitrarily irregular growth and excludes a limit superior greater than 1,
finite or infinite; the equivalent formulation with the sums ) 1/c, and > 1/(c, + 1) is Corol-
lary 7.1. For one reciprocal series, growth at the scale 2" need not force irrationality: the Sylvester
recurrence gives a rational sum and lim, 27" loga, > 0 (Example 7.4), whereas )" 1/a, is irra-
tional if aqlq,/ 0 6, 2], and Erdés proved that an infinite limit superior suffices under an eventual
lower bound a,, > n'*¢ [2, Theorem 1]. The proof rests on a denominator-uniform estimate for the

rational case.

Theorem B (Uniform denominator bound). Let (bj)j>1 be a nondecreasing sequence of positive
integers with b; > 32 for every j. If

Zbi . DgEN,
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then ‘
logh; < C2log(3q)  (j > 1), C =21 (1.3)
The fraction p/q need not be reduced.

The value of C' is not optimised; its independence of the sequence and of the numerator is what
permits the estimate to be applied after every finite prefix, with the denominator of the remaining
tail. The selection argument in its proof follows the peak method of Erdés [2]; a related selection is
used by Barreto, Kang, Kim, Kova¢ and Zhang [1] for the series ), 1/(anan+1). For sequences with
eventual exponential growth the proof of Theorem A gives the stronger bound loga, = 0(3”/ 9,
which locates the largest base of doubly exponential growth compatible with two rational sums.

Corollary C (Double-exponential bases). Let 5, be the supremum of the bases f > 1 for which

some sequence satisfying the hypotheses of Theorem A has a,ll/ﬁn — 00. Then

V6/5 < B. < V3,
and every admissible base is strictly below /3.
If Zj 1/b; = p/q, put t; = logb; and T, = ngm tj; clearing the denominator of a positive

tail gives geln-1 Zj>n 1/b; > 1, and the lower bound b; > j? gives Zj>n 1/b; < 3bﬁl/2, hence
T, < 3T;,_1 +2log(3q). To obtain (1.3), an index Q is selected at which tQ_— Tg—1 is large; up to a
later violating index R an exponential envelope bounds the tail from @, beyond R the polynomial
envelope bounds the entire remainder, and the resulting upper bound contradicts the cleared-tail
integer. For Theorem A, write L,, = logan, Sy, = > L; and K = lim sup,, 27" L,,. The difference
of the two rational sums is Y 1/[as(a, — 1)], with denominators at least n?, so Theorem B gives
K < oo; applied after the first m terms are deleted, with the denominator ¢r [[,,, a;(a; —1) of the
difference tail, it gives Sy, > (K/C)2™ — 1 log(3¢r), so K > 0 would force log a,,/m — oco. For the
original tails X, = ., 1/a; and Yy, = > -, 1/(a; — 1) the difference Y, — X, is the diagonal of
X, Yy; the off-diagonal part E, = X,,Y,, — Y, + X,, is positive, at most 4X, X,, 11, and becomes an
integer when multiplied by ¢r[],.,, ai(a; — 1). Under K > 0 the exponential tail bounds therefore
give Ly + L1 < 25,14+ O(n), hence S, 11 < 3S,-1 4+ O(n), and iteration on both parity classes
yields L,, = O(3™/?); since /3 < 2, this contradicts K > 0.

Sections 2 and 3 prove Theorem B, Sections 4—6 prove Theorem A, Section 7 proves Corollary C
and records equivalent forms and examples, and Appendix A gives exact formulas for the joint
integers in Cantor’s example.

Cantor observed that a, = (72‘), n > 2, has both sums rational [5, p. 64|, and the folklore

1/2

irrationality of ) 1/a, under a, " 5 o0 bounds the growth from above by doubly exponential;
the remaining question was the exact exponent, which Theorem A settles at 2. For the series
>-n 1/(anan41) the corresponding critical base is the golden ratio [1].

i<m

2. CLEARED TAILS AND TWO ENVELOPES

Lemma 2.1 (The cleared tail). Let (b;)j>1 be positive integers with > .1 1/b; = p/q, where

p,q € N. Then, for every n > 1, X
q(H bi) > 5 €N (2.1)

<n ji>n
In particular, this quantity is at least 1.

Proof. Clearing the denominator after removing the first n — 1 terms gives

Q(Hbi)Z;—pri—qZHbieZ.

<n izn <n k<ni<n
i#k
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The remaining tail is positive, so the integer is positive. This also includes n = 1, when the
expression equals p. ]

Lemma 2.2 (Two envelopes). For real numbers M > 1 and t > 0,

> min{M?,;?} < % (2.2)
j=1
> minfe e} < (t+2)e . (2.3)
j=1

Proof. For (2.2), take h = | M|. Then M/2 < h < M, and the contribution from j < h is at most
h/M? < 1/M. For the remaining terms,

Z]_2</ 2y —

i>h

SRS

For (2.3), take h = |t|. The contribution from j < h is at most te™*. Since h+1 > ¢, the remaining
geometric series satisfies
o (1) o
Z e’ = — < et <2t U
e—1
j>h+1

Corollary 2.3 (Tail bounds). Let (b;)j>1 be a nondecreasing sequence of positive real numbers.
(i) If bj > j* for all j, then

SLcut e, 2

It follows that Zj>R 1/b; < 3bp, 1/2 for every R > 1.
(ii) If b; > el for Q <j <R, where1 < Q < R, then

1 log bg + 2
- < — 2.
JZ b by (2.5)

Ifb; > el for all j > Q, the same upper bound holds for ZjZQ 1/b;.

Proof. For j > n in part (i), monotonicity gives b; > max{by,j?}. Apply (2.2) with M = /b,
extending the majorant to all positive indices. The bound beyond R follows by taking n = R+ 1
and using br+1 > bg.

For part (ii), the summand at an index @ < j < R is at most min{bél,e_j }. Extend this
majorant to all 7 > 1 and use (2.3) with ¢ = logbg > @ > 0. The same argument applies to the
infinite tail when the exponential lower bound holds for every j > Q. O

Lemma 2.4 (The preliminary bound). Under the hypotheses of Theorem B, define

tj = log bj, Tn = tj, T() = 0, B = log(?)q).

Then B > 1, and for everyn > 1,

tn < 2T,_1 + 2B, (2.6)
T, < 3T,_1 +2B < B(3" —1).
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Proof. The cleared-tail integer and (2.4) give

1
1 < Tnfl _ < T7L71*tn/2'
< ge Z b = 3ge
j=n
Taking logarithms proves (2.6). Adding T,_; gives the recurrence in (2.7); iteration from Ty = 0
then yields

n—1
T,<2BY 3 =B(3"-1).
§=0
Finally, ¢ > 1 implies B > log 3 > 1. O

3. THE UNIFORM BOUND AT THE CRITICAL SCALE

Lemma 3.1 (A controlled increase). Let R > P > 16 be integers, let H > 1 and 0 < B < H, and

suppose that the nonnegative real numbers up, ..., ur satisfy
3 2B
up < H, ur > 16H, MjS*Mj—lJrg (P<j<R).
There is an index P < Q < R for which
wi < 2H (P<i<@Q), (3.1)
H < pg < 4H,
H
— Uo-1> —5——. 3.3
Proof. Choose the first index P < @) < R, if one exists, satisfying
H 1+Q2 . 3.4
po>H,  po>(1+@Q )PrgggQuz (3.4)

To establish its existence, put M; = max{H, pup,...,p;}. We have Mp = H. At each index j > P
where the selection condition fails, either p1; < H or p; < (145 —2) maxp<i<; fi- In either case,

M; < (1+ 572 M;_.
If no index satisfied (3.4), it would follow that

R
Mp<H [[ 1+ < Hexp(z j*2) < Hel/P < 2H,
j=P+1 j>P
contradicting pr > 16H. Thus @ exists. Applying the same estimate only up to Q — 1 gives
Mg—1 < 2H, and hence (3.1).
Since @ > 17 and B < H, the assumed recurrence now gives

3 2H

Together with the first selection condition, this proves (3.2). The second selection condition implies
fg-1 < nQQ*/(Q* +1), so

1Q H
e T He gy T T Py -
Lemma 3.2 (Numerical bounds). The following inequalities hold:
(3/2)' < 1024, (3.5)
P? < 2F (P > 16),

29 >2Q(Q* +1) (Q > 17). (3.7)
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Proof. For (3.5), compare 316 = 43046 721 with 1024 - 2!6 = 67108864. For (3.6), check P = 16;
the quotient P?/2F decreases for P > 3, since (P + 1) < 2P? is equivalent to (P — 1)? > 2. For
(3.7), the initial case is 2!7 = 131072 > 9860 = 2 - 17(17% + 1). The quotient 2%¢/[Q(Q? + 1)]
increases for () > 4: comparison of consecutive values reduces to

2Q0(Q*+1) — (Q+1)((Q+1)2+1) =Q° —3Q>-2Q —2 > 0.
Indeed, substituting Q = k 4 4 makes the last polynomial k> 4 9%k% + 22k + 6, which is positive for
k > 0. O

Proof of Theorem B. Retain the notation of Lemma 2.4, and set
T
H = 1024B, i, = 27’5 (n >0).
Since 16H = 2'%1og(3q), it suffices to rule out an index R > 1 with
tp > 16H2E. (3.8)
Suppose such an index exists. If R < 16, then (2.7) and (3.5) imply
tr < Tr < B3 = B(3/2)%2% < B(3/2)1%2% < H2F,
a contradiction. Thus R > 17.
Define
P=max({16} U{j:16 < j < R, t; < j}). (3.9)
Then 16 < P < R, and
tj >3 (P <j<R). (3.10)
For j < R, this follows from the choice of P; for j = R, it follows from (3.8). We also have up < H.
When P = 16, this is a consequence of (2.7) and (3.5). When P > 16, monotonicity of (¢;) and
the inequality tp < P give Tp < Ptp < P2, 50 (3.6) gives up < P%2/2¥ < 1 < H. Dividing the
recurrence in (2.7) by 27 yields

3 2B .
ppSgpi-1t o (G21),
whereas (3.8) gives urp > 16H.
Apply Lemma 3.1 on [P, R]. Its index @ satisfies 17 < @) < R, and its conclusions become

To-1 < H29, (3.11)
to < T < 4H29, (3.12)
H2@
to—To-1="Tg—2Tg-1=2%ug — po-1) > —~5—— 3.13
Q@ Tg-1=To — 219 (1 MQ1)>Q2+1 (3.13)
The exponential bound (3.10) holds throughout @ < j < R. Thus (2.5) gives
Sl
> o < (to+ 2)e e, (3.14)
=Q
For the indices beyond R, the polynomial envelope in Corollary 2.3(i) gives
1
> - <3e 2 (3.15)
— b;
>R
Combining these two estimates with Lemma 2.1, we obtain
1
1 < gele— Z b < q(tg + 2)eTe-17te 4 3geTa-17tr/2, (3.16)

i>Q 7
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We bound the two terms on the right separately. First, (3.12) and H > 1 give tg +2 < TH2?.
Since logq < B< H,logH < H,log7 < 2 and log2 < 1,
log(q(tg +2)) <2H +2+ Q. (3.17)
On the other hand, (3.13) and (3.7) give To—1 — tg < —2QH. Therefore
1
q(tg +2)e’e17"0 < exp(2H + 2+ Q — 2QH) <exp(4 — Q) <e 1 < T

Here the middle inequality uses 2H(1 — @) < 2(1 — @), since H > 1 and @ > 1. For the second
term, use 3¢ = e, (3.11), Q@ < R and (3.8) to obtain

1

3geT@171/2 = exp(B + To-1 — tr/2) < exp(H + H2™ — 8H2T) < ¢~ 6H2" < T
The upper bound in (3.16) is consequently less than 1/2, which is impossible. This rules out (3.8)
and proves (1.3). O

4. RESTARTS

The uniformity in Theorem B permits its application after every finite prefix, with the denomi-
nator of the remaining tail included explicitly.

Proposition 4.1 (Restarting after a prefix). Under the hypotheses of Theorem B, put

m
tn = log by, T =Y ti, Ty =0, B =log(3q), K = lim sup 27 ",,.
=1

n—oo
Then 0 < Kk < oo, and for all integers m >0 and j > 1,
tmij < C2(B+Tpy). (4.1)

Consequently,

Ty >

> g2m—B (m > 0). (4.2)

If k > 0, then logby,/m — co.
Proof. Theorem B gives t, < CB2", hence 0 < k < CB. Fix m > 0 and set

dj=bny; (G=1),  agm=q]]b
=1

The sequence (d;) is nondecreasing and satisfies d; > (m + j)? > j2. Its reciprocal sum is the
positive rational tail of the original series, and Lemma 2.1, applied at n = m + 1, shows that g,, is
a denominator of this tail. Applying Theorem B to (d;) therefore gives

tmt; < C271og(3¢m) = C2/(B + Tp,),

which proves (4.1). '
For this fixed m, divide by 2% and take the limit superior as j — oco. The left side has limit
superior K, SO
k< C27™(B+1Tp),
proving (4.2). For m > 1, monotonicity gives T;,, < mt,,, and hence

k2" B
Cm? m?2

The right side tends to infinity if x > 0. O
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For the remainder of the proof, assume the hypotheses of Theorem A. Choose positive integers

u,v,q,r such that
1 U 1 v
X:: —_ = Y:: = —. 4.3
R T pe 3

n>1 n>1
Neither fraction need be reduced. Write
m
L, =logay, Sm = Z L;, So =0, By = log(3qr). (4.4)
i=1
Strict increase and a; > 2 imply a, > n + 1. Thus
by = an(a, — 1) > n(n +1) > n? (4.5)

is a strictly increasing sequence of integers, and

1 1 1 -
S o= < —>:Y1—X1:Uq s o,
= a,—1 a, qr

The numerator is a positive integer, so Theorem B applies with denominator gr. We shall also use
logb, = 2L, + log(1 — 1/a,), —log2 <log(l—1/a,) <0. (4.6)

Proposition 4.2 (Growth from a positive limit superior). Let K = limsup,,_,., 27" Ly,. Then

0< L, <CBy2" (n>1), (4.7)
s0 0 < K < o0, and
K By
> = 2" — — > 0). 4.
Smz 2= (m20) (1)

If K >0, then L,,/m — oo. In particular, for every ¢ > 0 there is an index N, such that

Ay > (m > N,). (4.9)
Proof. Apply Proposition 4.1 to the sequence (4.5) with denominator gr. Since b, > a,, its uniform
bound gives (4.7). By (4.6),

limsup2 " logb, = 2K.

n—oo

For a prefix of length m, the denominator used in the restart is
m
Gm = quai(ai —1). (4.10)
i=1

Writing T, = >~ log b;, (4.2) gives

2K

Since T;,, < 25, by (4.6), this proves (4.8).
For m > 1, monotonicity gives S, < mL,,, and therefore

Ly, _ K2™ By
>

— 5"

_—— 4.11
m — Cm?2 2m ( )

When K > 0, the right side tends to infinity. For any fixed ¢ > 0 it is at least ¢ for all sufficiently
large m, proving (4.9). O
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5. THE JOINT INTEGER OF TWO TAILS

Retain (4.3) and (4.4). For n > 1, define

X”:Zai

A (5.1)

jzn 1
Qn:qnaja Rn:TH(aj_l)' (5'2)
i<n i<n
By Lemma 2.1, @, X, and R,Y,, are positive integers.
Lemma 5.1 (Diagonal cancellation). For every n > 1,
1
Epi=XY, =Y, + Xy =) >0, (5.3)
ij>n ila; —1)
i#j
and
Ip = QnRpE, € N. (5.4)

Proof. The tails converge and have positive terms, so
1
XY, = _
nen z,JZZn ai(aj — 1)
The diagonal of this double series is
1 < 1 1 >
; a,j(a,j — 1) ; aj — 1 a; " "

Removing it proves the identity in (5.3). The off-diagonal sum is strictly positive, since it contains

positive terms.
Put A, = @, X, € Nand B, = R,Y,, € N. Then

QanEn = Aan - Qan + RnAn € Z.

This integer is positive by (5.3), proving (5.4). O
Lemma 5.2 (A bound by consecutive tails). For every n > 1,
0< B, <4X,Xp41, (5.5)
and consequently
1< J, <Agre®d=1X, X, .. (5.6)
Proof. Set
1 1
r=—, Yy=—"7 U:Xn-i-l: V:Yn-‘rl'
an, anp — 1
Thus X,, =2+ U and Y,, =y + V. Since y — x = zy, expansion gives
E, =2V +yU+ Epqg. (5.7)

Also E, 1 =UV —(V—U) < UV, because V > U. The inequality 1/(a —1) < 2/a for a > 2 gives
y <2z and V < 2U, hence

B, <aV +yU+ UV < 42U +2U% < 4(x + U)U = 4X,, X1 1.

Finally,
Qnltn = qr H aj(a; —1) <gr H a? = qre?Sn-1,

j<n j<n
Combining this with Lemma 5.1 and (5.5) proves (5.6). O
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Proposition 5.3 (The recurrence in the exponential regime). Suppose, i addition to the hypothe-
ses of Theorem A, that there is an integer N > 1 such that a; > €’ for every j > N. Put

M =CBy+ 2, co = log(4qr) + 2log M + log 2, A =2log2+ . (5.8)
These constants are positive and depend only on q and r. For everyn > N,
Ly + Lpy1 <25,-1+2nlog2 + co, (5.9)
Sn+1 <381+ 2nlog2 + . (5.10)
In particular,
Sk < 3Sk—2 + Ak (k>N +1). (5.11)

Proof. For n > N, the infinite-tail bound in Corollary 2.3(ii), applied to (a;), gives
X, < (Lp+2)eLn, (5.12)

The uniform bound (4.7) also gives L,, +2 < M2" for every n > 1. Applying (5.12) at n and n+ 1
n (5.6), then taking logarithms, yields

Ly, + Lyt < 28,1 + log(4qr) + log(Ly, + 2) + log(Lp+1 + 2)
< 2S,-1 +log(4qr) + 2log M + (2n + 1) log 2.

This is (5.9). Adding S,—1 gives (5.10). With £ = n + 1, the inequality 2(k — 1)log2 + ¢y < Ak
proves (5.11). O
6. THE PARITY ITERATION AND THE PROOF OF THEOREM A

Lemma 6.1 (The two parity classes). Let N > 1 and A > 0, and let (Sp)n>0 be nonnegative real
numbers satisfying Sy < 3Sx_o + Ak for every k > N 4+ 1. For m € {N,N + 1} and every j > 0,

, 3
Sinyo; < 3 (Sm +A (Tg + 2)) . (6.1)

3
D= 3m/2 (g LA ? 6.2
me{NN 11} < " < 2 " 2)) ’ (62)

one has S, < D32 for everyn > N.

Thus, with

Proof. Tteration at m 4+ 2,m +4,...,m + 2j gives

Sm+2] J m—i—% m 3
< <Smt Al =42,
o S, ZZ S+ A( 5 +3

where we used )5, 37 =1/2 and D1 ¢3=% = 3/4. This proves (6.1), including j = 0. Every
n > N has a unique expression n = m + 2j with m € {N, N +1} and j > 0. Since 37/ = 3"/23-™/2,
the definition of D gives the result. 0

Corollary 6.2 (Sequences with eventual exponential growth). Under the hypotheses and notation
of Proposition 5.3,

0<Ln<S8,<D3"? (n>N),
where D is given by (6.2), with A as in (5.8). In particular, lim, ., 27" loga, = 0.
Proof. Apply Lemma 6.1 to (5.11). Since L; > 0 for every i, we have L,, < S,,, and therefore
0<2"L, < DHW3/2)" — 0. O
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Proof of Theorem A. Choose ¢,r as in (4.3) and put K = limsup,,_,., 27" L,. By Proposition 4.2,
0 < K < 0o0. Suppose that K > 0. Taking ¢ = 1 in Proposition 4.2, we obtain an index N such
that a; > el for every j > N. Hence Corollary 6.2 applies and gives 27 "L,, — 0, a contradiction.
Thus K = 0. Since 27" L,, > 0, its limit superior being zero implies

log a,,

lim

n—oo 2N

= 0.
Exponentiation gives (1.2). O

7. EQUIVALENT FORMS AND GROWTH EXAMPLES

Corollary 7.1 (Positive shift). Let1 < ¢; < ¢a < --- be integers. If both Y 1/cy, and)_, 1/(c,+1)

. 1/2m
have rational sums, then cn/ — 1.

Proof. Apply Theorem A to a,, = ¢, + 1. Since 0 < log(c, + 1) — log ¢, < log2, the difference of
the normalised logarithms tends to zero. O

Corollary 7.2 (Irrationality alternative). Let 2 < a1 < ag < --- be integers with ), 1/a, < oo.

If lim sup,, o al/*" > 1, then at least one of >, 1/an and >, 1/(an — 1) is irrational.

Proof. The second series converges because 1/(a, — 1) < 2/a,. Rationality of both sums would
contradict Theorem A. O

Ezample 7.3 (Cantor’s sequence). The example of David Cantor recorded by Erdés [5, p. 64], [7,
§2.2.1] is, in our indexing,

0 — <n—21—2> _ (n+1)2(n+2)7

Since a, — 1 =n(n + 3)/2,

I 5 1 1 - 2/1 1
a, \n+1 n+2)’ an—1 3\n n+3)/)°
The tails therefore have the closed forms
2 2 (1 1 1
Xp=—— Y,==-|—- 7.1
"on4 1 " 3<n+n—|—1+n—|—2>’ (7.1)
and X; =1, Y; = 11/9. Subtracting and multiplying these expressions, with ¢ = n + 1, gives
4 4(3t2 —t —1)
Y, — X, = E,=————~. 7.2
T 3nn+ D (n42)’ TBt2(12 - 1) (72)
The numerator in the latter expression is positive for ¢ > 2. Here loga, = O(logn), so the

rationality hypotheses do not imply eventual exponential growth.
Ezample 7.4 (A single rational sum). Let s; = 3 and s,41 = s2 — s, + 1. The first terms are
3,7,43,1807. The identity sp+1 — 1 = sp(s, — 1) gives

1 1 1

Sn Spn—1 sy —1°

The sequence increases to infinity, so telescoping yields )~ 1/s, = 1/2. For s > 3,
2
552§52*8+1 < s°.

Thus u,, = 27" log s,, decreases, while

Uny1 = up 4+ 27D 1og(2/3).
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Consequently,

n—1
10g3 7( -+1) 10g2

J=1

It follows that wu, has a positive limit and lim,, s}/ 2 > /2. The second rationality hypothesis in
Theorem A is therefore essential. By Corollary 7.2,

3 vt r ot
sp,—1 2 6 42 1806

n>1

is irrational.

Remark 7.5 (Increasing order). The restriction to increasing sequences cannot be replaced by pair-
wise distinctness. To see this, let (a;) be Cantor’s sequence and construct a permutation 7 of N as
follows. At position 2k —1, take the least unused integer. At position 2k, take any unused integer at
least 282", After the first k odd choices, every integer at most k has been used, so this construction
is indeed a permutation. The reordered sequence d;, = ar(,) has the same two rational sums, since
both series have positive terms, but

a7 > RV > 2 s

Proof of Corollary C. The lower bound is the case d = 2 of the construction of Kovaé¢ and Tao [7,
§2.2.1 and (7.9)], which gives, for every 1 < 8 < \/%, a strictly increasing sequence (c¢,) with
ei/?" = oo and Yonl/en, >, 1/(cn + 1) rational; a, = ¢, + 1 then satisfies the hypotheses of
Theorem A, and log(c, + 1) —log ¢, < log2 does not affect the limit. For the upper bound suppose
that 8 > 1 and a}/ﬁn — o0, that is L, /8™ — oo. Since f"/n — oo, we have L, > n for all
sufficiently large n, so Corollary 6.2 gives a constant D with L, < D(v/3)" eventually. If 5 > V3,
then L, /8" < D(v/3/8)" < D, contradicting the assumed divergence. Hence every admissible base
satisfies 8 < v/3, and B, < /3. O

Remark 7.6 (The subcritical exponent). The unconditional conclusion of Theorem A is loga, =
0(2"). The stronger estimate log a,, = O(3™?2) in Corollary 6.2 assumes eventual exponential growth;
in the proof of the main theorem this assumption follows from K > 0, and it is not a conclusion
asserted for every sequence with the two rational sums. The supremum g, of Corollary C may equal
V/3, although every admissible base lies strictly below it; we do not determine f,. For the different
series » . 1/(anan+t1) the corresponding critical base is the golden ratio ¢: the sum is irrational
when lim sup,, ai/ o 0o, whereas every prescribed finite limit lim,, aql/ s 1is compatible with
a rational sum [1].

APPENDIX A. JOINT INTEGERS FOR CANTOR’S SEQUENCE

For Cantor’s sequence the integer in (5.4) can be written explicitly. These formulas also give
examples of every restart and of the consecutive-tail bound.

Proposition A.1. Let a, = (";2) and take g =1, r =9. For everyn > 1,
nl(n+1)! 3(n—1)(n+2)!
Qn = —on R, = on )
and
((n—1)! n!)2(3n2 +5n+1)
I = .

4n—1
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Proof. The definitions of @, and R,, give

o GHDG+2) nl(n+ 1) B G +3)  3(n—1!(n+2)
Q”_EL 2 oo R"_gjll 2 2n '

By (7.2), with t =n + 1,

I 432 —t—1)  4(3n*+5n+1)
"o32(2 1) 3(n+1)2n(n+2)
Multiplying the three expressions and cancelling the factors n(n + 1)%(n + 2) gives the formula for

In. O
n Qn R, E, I
1 1 9 1 9
2 3 18 23/54 23
3 18 90 43/180 387
4 180 810 23/150 22 356

5 2700 11340 101/945 3272400
6 56700 226800 139/1764 1013310000

TABLE 1. The first joint integers of Cantor’s sequence, with ¢ = 1 and r = 9. In
every row, J, = QnRyE, € Nand J, <4Q, R, XnXn11.

The accompanying programs verify these formulas, the finite-tail identities, and the elementary
numerical inequalities used in the proof. Their inputs, arithmetic conventions and recorded outputs
are provided with the source. The universal estimates in Theorems A and B are established by the
arguments above and do not depend on a finite computation.
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